A traditional heterodyne detector, as a phase-insensitive device, suffers the well-known 3 dB noise penalty caused by image sideband vacuum. In contrast, a heterodyne detector with a bichromatic local oscillator, as a phase-sensitive device, should be exempted from the 3 dB noise penalty, in spite of the existence of the image sideband vacuum. Assuming coherent light at the input, we develop in this work a theory to describe the quantum nature of the phase-sensitive heterodyne detector, in a good agreement with experiment. The absence of the quantum noise of the image vacuum modes in the heterodyne detector may be explained by that the studied detector senses only a single field of light, i.e., the signal field, according to the theory developed.
I. INTRODUCTION
The concept of image sideband vacuum mode plays a crucial role in our orthodox understanding of the quantum nature of heterodyne detectors [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . A traditional heterodyne detector, as a phase-insensitive device, suffers a 3 dB noise penalty caused by the extra quantum noise of the image sideband vacuum mode involved in the detection [1, 4, 5, 7, 11] . This 3 dB heterodyne noise makes heterodyne detectors less competitive than their homodyne counterparts in the application of precision measurements with non-classical light.
A proposal has been put forth to suppress the 3 dB heterodyne quantum noise by replacing the image sideband vacuum mode with light in two-photon coherent states [4] . However, this proposal has never been experimentally realized. Another possible solution to the problem is to excite the image sideband mode into a coherent state at a power level similar to the signal mode. Thereby, the heterodyne detector becomes a phase-sensitive one and is free of the 3 dB noise penalty [8, 14] . The shortcoming of the second method is that the input signal must be pre-processed before it is received by the detector. Moreover, the gained signal-to-noise ratio (SNR) results from doubling the power of the signal before detection and the quantum noise floor of the heterodyne detector remains the same.
We study a phase-sensitive heterodyne detector with a bichromatic local oscillator, which may become a useful tool for precision measurements with squeezed light. The detector can be conceptually constructed out of two conventional heterodyne detectors (Fig. 1) . It turns out that the quantum nature of this detector cannot be satisfactorily described by the current theory of detection: The 3 dB noise penalty should take place due to the image sideband vacuum [15] . On the other hand, A 3 dB * fengsf2a@hust.edu.cn
FIG. 1. (color online)
Illustration of the idea to construct a phase-sensitive heterodyne detector out of two traditional phase-insensitive heterodyne ones. The idea can be realized in practice by utilizing a bichromatic local oscillator, whose only nonzero components are two coherent modes of frequency at ω1 and ω2, for the detector. Obviously, the two image sideband modes involved in the detection at frequencies ωi1 and ωi2 are in vacuum states. The center-frequency mode in the phase-sensitive detection, labeled by red color, is the signal mode at frequency ωs.Ê (+) s and E (+) l (t) stand for the signal field and the oscillator field, respectively. noise penalty should not take place in a phase-sensitive device, to be in consistency with the quantum theory of linear amplifier [14] .
In this work, we develop a theory to describe the quantum behavior of the phase-sensitive detector, based on the quantum theory of optical coherence [10, 16, 17] . We theoretically show that the studied detector is actually noise free, in a good agreement with experimental observation [18] , which may be explained by that the heterodyne detector measures only a single field of light at its input, according to our theoretical analysis. The results presented here are very important for a full understanding of the origin of the quantum noise in optical heterodyne detection.
In the next section, we summarize a relevant work [10, 17] by Ou, Hong and Mandel, who studied certain two-time correlation functions of squeezed light and their Fourier conjugates. These functions are related to the auto-correlation functions and the spectral density of the photocurrent fluctuations that appear in homodyne measurements of the squeezed light. Needless to say, coherent light can be considered as a special kind of squeezed light when the degree of squeezing approaches zero. In Sec. III, we generalize the work by Ou, Hong and Mandel to the case of phase-sensitive heterodyne detection in the studied configuration. For coherent light as input to the detector, we calculate the noise figure (NF) of the detector. We discuss in Sec. IV the importance of the theoretical results obtained in this work. According to the theoretical analysis, the studied heterodyne detector owns both the advantages of a conventional heterodyne detector, which produces AC photoelectric signals avoiding DC noises, and its homodyne counterpart, which is noise free, showing the potential of being a useful tool for precision measurement of weak optical signals with nonclassical light. As for the origin of the quantum noise in the detection, the heterodyne detector may measure a single field of light, i.e, the signal field. In this picture, the image sideband vacuum modes are part of the measured signal field, instead of belonging to other independent fields.
II. FLUCTUATIONS OF THE PHOTOELECTRIC CURRENT IN HOMODYNE MEASUREMENT OF LIGHT
When treating the problem of homodyne measurement of light, Ou, Hong and Mandel considered a measured electromagnetic fieldÊ (+) s (r, t), whose effective bandwidth is nonzero but small compared with the midfrequency ω s , [10, 16] 
in which V is the quantization volume and k stands for the set of plane-wave modes to which the detector responds with ω k the corresponding optical frequency of each mode. The amplitude operatorâ k is the photon annihilation operator for mode k and remains constant when there is no free electrical charge in the space [16] . The two mutually adjoint operatorsâ k andâ † k obey the following commutation relations
If the light fieldÊ
s (r, t) is detected in homodyne measurement as depicted in Fig. 2 , the light intensitieŝ I 1,2 (t) at the two output ports of the 50-50 beamsplitter readÎ
where E (+) l (t) = E l e −iω l t+iθ l represents the classical single-frequency field of the local oscillator, with both the amplitude E l and phase θ l being real numbers.Ê (−) (t) at a balanced (50/50) beamsplitter. The mixed light at each output port of the beamsplitter is collected by a photodetector (PD1 or PD2) and the differenced photocurrent J−(t) ≡ J1(t) − J2(t) is sent to a spectrum analyzer for record. ωs is the optical frequency of the excited centerfrequency mode of the signal field, and ω l is the frequency of the only excited mode of oscillator. For homodyne detection, ωs = ω l .
When the light falls on the photodiodes, it generates photoelectric emissions at certain times t 1 , t 2 , .... If j(t) is the current output pulse produced by a photoemission at time t i = 0, then the total photoelectric current J(t) can be represented by the sum of pulses over all times t i ,
Apparently, j(t − t i ) = 0 if t < t i . Then, we obtain the power spectral density of the photocurrent fluctuations as [10, 17] 
where < ∆J − (t)∆J − (t + τ ) > s is the auto-correlation function of the differentiated-photocurrent fluctuations ∆J − (t) (∆A ≡ A− < A > s ), with < · > s standing for statistical averaging, produced by the two photodiodes. The function < ∆J − (t)∆J − (t + τ ) > s can be grouped into two lumps, the auto-correlation functions of ∆J i (t) (i = 1, 2) and the cross-correlation functions of ∆J i (t) and ∆J j (t) (i, j = 1, 2 and i = j), as follows:
wherein the auto-correlation functions of ∆J i (t) (i = 1, 2) read [10, 17, 19 ]
Here we assumed two identical photodiodes that are characterized by the same parameter η for their quantum efficiency, and j i (t − t ′ ) (i = 1, 2) are the photoelectrical current pulses produced in the ith photodiodes for t > t ′ [10, 17] . λ i (t, ι) ≡< T : ∆Î i (t)∆Î i (t + ι) :> (i = 1, 2) are the auto-correlation functions of light-intensity fluctuations and the symbol T :: means time-and normalordering of the field operatorsÊ (±) s (t). The first term in Eq. (7) accounts for the shot noise of light, while the second one depends on the fluctuation nature of the light being detected.
The auto-correlation functions λ i (t, ι) (i = 1, 2) can be calculated as (for detailed calculations, refer to the appendix of [19] with the only difference being that the oscillator is bichromatic and the beamsplitter is extremely unbalanced there)
For the sake of simplicity, we only consider coherent light here. According to the definition of coherent states [16] , which are eigenstates of the field operatorÊ (7), we arrive at
In the mathematical manipulations, only the leading
Similarly, one can show without much difficulty that the cross-correlation functions < ∆J i (t)∆J j (t+τ ) > s = 0 for i = j (i, j = 1, 2). Therefore, with Eq. (6), we obtain
in which two identical photodiodes were assumed again for the detector, i.e., j(t) ≡ j 1 (t) = j 2 (t). Now let K(ω) be the Fourier transform of the photocurrent pulses j(t),
which can be interpreted as the frequency response of both photodiodes. Substituting Eqs. (10) and (11) into Eq. (5) leads to [10, 17] χ(ω) = 2ηE 
The factor of two here accounts for the contribution of negative-frequency components when the calculation is compared with practical measurement. For ideal photodiodes with sufficient response speeds, the photocurrent pulses may be approximated by Delta functions. Under this approximation, |K(ω)| = e, the charge on the electron. Then, we have the power spectral density of the photocurrent fluctuations
III. QUANTUM NOISE IN HETERODYNE MEASUREMENT OF LIGHT WITH A BICHROMATIC LOCAL OSCILLATOR
Now we consider the same electromagnetic field E (+) s (r, t) to be measured by a heterodyne detector with a bichromatic local oscillator (Fig. 3) ,
One should note that the treatment of Ou, Hong and Mandel is based on the stationary-photocurrent assumption [10, 17] , which is not valid any more in heterodyne measurement. We take advantage of the fact that the practical RBW, Ω r , of the spectral analyzer must be set to satisfy Ω r << Ω, the heterodyne frequency, to resolve the beatnote signal in the photocurrent. In other words, the heterodyne measurement must be accomplished during a period of time T ∼ Ω r −1 >> Ω −1 or longer. Consequently, to treat the heterodyne problem, we only need to assume that the average photocurrent over the period of time T ∼ Ω r −1 is stationary. Under this assumption, we concern the average power spectral density of the photocurrent fluctuations (see Ref. [8, 20] for similar treatments),
Now there are two different ways to treat the signal fieldÊ (+) s (r, t): (1) The image sideband vacuum modes are not within the bandwidth of the signal field and involved in the detection are there two more independent fieldsÊ
i2 (r, t), namely image sideband fields [4] ,
whose center-frequency modes are located at ω i1 and ω i2 , respectively (Fig. 4a) . Here the amplitude operatorb k is the photon annihilation operator for mode k. Or (2) the image sideband vacuum modes are part of the field E (+) s (r, t), which is the only field that the heterodyne detector measures (Fig. 4b) .
In any case, the auto-correlation function of the differenced-photocurrent fluctuations reads
in which λ ij (t, ι) ≡< T : ∆Î i (t)∆Î j (t + ι) :> (i, j = 1, 2) are the correlation functions of light-intensity fluctuations. In the heterodyne case, the light intensitiesÎ 1,2 (t) at the two output ports of the 50-50 beamsplitter read (18) whereinÊ (+) t (t) stands for the input light field and
if the detector senses two more independent fields in addition to the signal fieldÊ (Fig. 4a) . Otherwise, if the detector measures only one field, i.e., the signal field (Fig. 4b) 
Then we obtain the correlation functions of the photocurrent fluctuations as follows For coherent light at the input of the detector, the field E (19) and Eq. (20), according to the definition of coherent state [16] . Consequently, with Eqs. (15), (17) and (18), we have
in which, as in the homodyne case, we assumed two identical photodiodes in the last step for the detector and only the leading terms remained in the calculation. Plugging Eqs. (11) and (14) into Eq. (22) leads to
Again the factor of two comes from the contribution of negative-frequency components. Under the same approximation that the photodiodes have sufficient response speeds, |K(ω)| = e, we have the power spectral density for the photocurrent fluctuations
which is identical to Eq. (13). Next, we consider the average power of the output photoelectrical signal produced by the heterodyne detector. The average photocurrent signal at the output of the detector reads [10, 17, 19] , 2) is the probability of photodetection registered by the ith photodiode at time t within time interval ∆t [16, 21] . Converting the summation into integrand, we arrive at
For simplicity without loss of generality, we assume unity load resistance for the spectrum analyzer and that the signal light has only a single excited mode of frequency in a coherent state. One should note that we previously assumed photodiodes with sufficient response speeds, j(t) = eδ(t). Then the output photoelectrical signal reads
It is not difficult to show
Here α ks =<â ks > ω ks , and k s stands for the excited mode of frequency in the signal field. With Eq. (14) , one can rewrite the output photoelectrical signal as
in which ω s ≡ ω ks , α s ≡ α ks , θ s = k s · r,θ = (θ 1 + θ 2 )/2, and ∆θ = θ 2 − θ 1 . Accordingly, the average power of the output signal is
With Eqs. (24) and (26), we calculate the SNR at the output of the heterodyne detector as, for one second of measurement time,
Concerning the SNR at the input of the heterodyne detector, it is the inherent SNR of input signal light, which is in a coherent state. For one second of measurement time, we have
Finally, we obtain the noise figure of the heterodyne phase-sensitive detector NF = 10 log 10 SNR in SNR out = 0 dB (29)
IV. DISCUSSIONS
We have shown that, with coherent light at the input, a phase-sensitive heterodyne detector with a bichromatic local oscillator is noise free at the quantum level. This is in good agreement with the quantum theory of linear amplifier [14] . Therefore, as a prospective tool for precision measurements with squeezed light, the studied heterodyne detector has both advantages of a conventional heterodyne detector, where classical noises around DC area are avoided, and its homodyne counterpart, which is noise free at the quantum level.
As for the origin of the quantum noise, one must notice that the result presented here remains no matter if one takes into account the image sideband fields in the calculation, i.e., the result is independent of the choice between Eq. (19) and Eq. (20) . In this sense, we cannot tell if the quantum noise in the heterodyne detector originates from three independent fields, as described by Eq. (19), or from a single field of light, as delineated by Eq. (20) .
Nonetheless, the power spectral density for the photocurrent fluctuations produced by the heterodyne detector, Eq. (24), is identical to that by a homodyne detector, Eq. (13). It is well known that the homodyne quantum noise results from only one field in the detection. From this, it is reasonable to speculate that the quantum noise represented by Eq. (24) originates from only one field too. If this is true, all the image sideband vacuum modes must be treated as part of the signal field E (+) s (r, t) with Eq. (20) . In a recently accomplished work, we discovered [18] that the 3 dB extra quantum noise due to the image sideband vacuum modes was indeed absent, or significantly suppressed, in experimental observation, in good agreement with our theoretical analysis (Table I) . However, the mechanism for the absence of the 3 dB heterodyne noise was unknown.
One might explain the experimental observation with a destructive quantum interference between the two image sideband modes that caused a cancel of their quantum noises in the detection. Nevertheless, this entails quantum anti-correlation between the two vacuum modes, which sounds very unlikely for coherent light. Now the [18] , we provide here the calculation results for signal light at the power levels of 0.5 nW, 1.0 nW, and 2.0 nW, respectively. The SNR at the input of the detector is computed as SNRin = 10 log 10N , whereN is the number of detected photons within a period of 1 ms. A quantum efficiency of η = 70% is assumed for the detector. SNRout is the SNR of the photoelectric signal, according to Eq. (27), integrated over all the detection volume V , with RBW = 1kHz.
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SNRin ( experimental results may be explained in the following picture: The phase-sensitive heterodyne detector actually measured only one field of light at its input, and it was this measured signal field that produced the quantum noise in the heterodyne detection, the same as in homodyne detection. To verify the above speculation, one may utilize an optical signal in a squeezed state at the input of the heterodyne detector. For squeezed light under measurement, the correlation functions λ ij (t, ι) are nonzero in Eq. (17) . From Eq. (21), one can easily see that the correlation functions λ ij (t, ι) may be different for the two cases of Eqs. (19) and (20) .
If the two image sideband fields are within the squeezing bandwidth of the signal field, they should be quantum correlated and make observable contributions to the power spectral density χ(ω). By experimentally measuring χ(ω) and comparing the result with theoretical expectations respectively based on Eqs. (19) and (20) , one may know the source of the quantum noise in the phase-sensitive heterodyne detector.
V. CONCLUSIONS
We have developed a theory to describe the quantum behavior of a phase-sensitive heterodyne detector with a bichromatic local oscillator, assuming coherent light at the input. We have shown, from the viewpoint of theoretical analysis, that the studied heterodyne detector is noise free at the quantum level, in a good agreement with experiment, indicating that the detector has the potential of becoming a useful tool for precision measurement with squeezed light. We have put forth a new picture, for the origin of the quantum noise in the heterodyne detector, that the detector measures a single field of light at its input, with all the image sideband vacuum modes being part of the signal field.
